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A computationally efficient noise-adaptive Kalman filter is presented for the motion estimation and prediction of a
free-falling tumbling satellite (target). The filter receives only noisy pose measurements from a laser-vision system
aboard another satellite (chaser) at a close distance in a neighboring orbit. The filter estimates the full states, all the
inertia parameters of the target satellite, and the covariance of the measurement noise. A comprehensive dynamics
model that includes aspects of orbital mechanics is incorporated for accurate estimation. The discrete-time model,
which involves a state-transition matrix and the covariance of process noise, is derived in closed form, thus rendering
the filter suitable for real-time implementation. The statistical characteristics of the measurement noise is formulated
by a state-dependent covariance matrix. This model allows additive quaternion noise, while preserving the unit-
norm property of the quaternion. The convergence properties of the developed filter is demonstrated by simulation
and experimental results. These results also demonstrate that the filter can continuously produce accurate estimates
of pose even when the vision system is occluded for tens of seconds.

Nomenclature 0,.0, = discrete covariance of the rotational and

a = [a7 0] eR* trfinslatlonal systems
E() = expected value of () Qo R = discrete covariance of the target parameters 0
e, — discrete estimation error q.9, 9 = actual, nqmlnal, anfi estlmated quaternions
H, = sensitivity matrix rep‘resentmg the orientation of {3} with regard
I, 1,1, = moments of inertia of the target satellite . to ‘A} .

. = Kalman-filter gain matrix q = conjugate of quaternion ¢
Mand N = Jacobians of ¢ (@, p) with regard to @ and p R, = radius of the circular orbit| .
n = angular velocity of the orbit R(L) = rotation matrix correspor@mg to quaternion (:)
P, = discrete covariance matrix of estimated states rr = actual and estimated position vectors connecting

p.D, D = actual, nominal, and estimated inertia ratios of the two centers of mass expressed in {A}

target satellite
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o Te = actual, estimated, and measured positions of the
target expressed in {A}

r, = position vector connecting the Earth center to

chaser’s center of mass expressed in {A}

discrete covariance of measurement noise

sampling time

additive measurement noise

vec(q) vector part of quaternion ¢

X, X, = state of the rotational and the translational
systems

Zx = vector of discrete observation

€, €; = force and torque disturbances per unit inertia and

mass on the target

€ = errors associated with the quaternion p and the

Euler angles ¢

n, N, 1 = actual, nominal, and estimated quaternions
representing the orientation of {C} with regard
to {BB}

0 = vector parameterizing the center-of-mass position
and the principal axis orientation of the target
satellite

A; = jth eigenvalue of matrix M

I, i, i = actual, estimated, and measured quaternions
representing the orientation of {C} with regard
to {A}

He = gravitational parameter of Earth

Pe = location of the chaser satellite’s center of mass
expressed in { A}

0 P, = actual and estimated locations of the target
satellite’s center of mass expressed in {5}

X, X = covariances of the uncorrelated measurement
noise associated with position and attitude

P, P, = state-transition matrices of the rotational and the

translational systems

vector containing Euler angles «, §, and y

actual and estimated state vectors

redundant state vector containing full quaternions

nonlinear vector of the Euler equation

= actual, nominal, and estimated angular velocities

of the target satellite expressed in {3}

®, = angular velocity of the chaser satellite expressed
in {B}

@ el = relative angular velocity of the target satellite with

regard to the chaser expressed in {3}

= norm of the nominal angular velocity ®

n x n identity matrix

matrix form of the cross product

® = quaternion products

LS
Innn

SRS
1) b

G
nunn

® 9
I

I. Introduction

HERE has been growing worldwide interest in using space

robotic systems for the on-orbit servicing of spacecraft [1-6]. In
such missions, the accurate estimation of the motion of a free-falling
target spacecraft is essential for its capture with a robotic arm.
Different perception systems are available for the estimation of the
pose (position and orientation) of moving objects. Among these
systems, an active vision system such as the Laser Camera System
(LCS) is preferable for its robustness in face of the harsh lighting
conditions of space [7]. As successfully verified during the STS-105
space mission, the 3-D imaging technology used in the LCS can
indeed operate in the space environment.

The use of laser range data has also been proposed for the motion
estimation of free-floating? space objects [8,9]. All vision systems,
however, provide discrete and noisy pose data at relatively low rate,
typically 1 Hz, and the capture of a free-falling object is a difficult

By definition, a free-falling object is acted upon only by a gravitational
force, whereas a free-floating object drifts in space with no external force
whatsoever. As such, a free-floating object moves at a constant velocity with
respect to an inertial frame.

robotic task that requires accurate real-time pose estimation.
Moreover, the robotic capture of (or docking to) a space object
requires a predictable trajectory for two reasons:

1) The robot motion must be planned to intercept the object at a
rendezvous point [10-13].

2) In the case that vision data are not available (e.g., visual
occlusion), the pose can still be predicted from the model.

In essence, the pose prediction requires accurate estimation of the
system states and unknown parameters.

Taking advantage of the simple dynamics of a free-floating object,
researchers have employed different observers to track and predict
the motion of a target satellite [8,9,14—17]. In some circumstances
(e.g., when there are occlusions), no observation data are available.
Therefore, long-term prediction of the motion of the object is needed
for planning operations such as the autonomous grasping of targets
[9,14]. Motivated by the robotic servicing mission for the Hubble
Space Telescope, Thienel and Sanner [16] developed a nonlinear
algorithm to estimate the rotation rates for a noncooperative target
vehicle. Although the nonlinear estimator is suitably implemented
for the quaternion-based attitude kinematics, it does not take the
properties of the sensor and process noises into account. Kim et al.
[15] designed an extended Kalman filter (KF) for the estimation of
the spacecraft relative pose in formation-flying applications. The
filter uses line-of-sight observations coupled with gyro measure-
ments from each spacecraft and does not incorporate the spacecraft
attitude dynamics.

This paper proposes the design of an adaptive KF that uses the
LCS data for the effective estimation and prediction of the relative
pose of two spacecraft in nearby orbits. It is known that the
applicability of the Kalman filtering technique rests on the accuracy
of the measurement-noise models, and the accuracy of the LCS
measured pose usually depends upon the range and geometry of the
object. The larger the range, the less accurate the measured distance,
and the more symmetrical the object (with a sphere being the most
symmetrical), the less accurate the orientation measurement.

Because the filter is noise-adaptive, it can tune itself by identifying
the covariance matrix of the measurement noise. Moreover, the
adaptive KF estimates not only the full states of the system but also
all inertial parameters of the space object, including the ratios of the
object moments of inertia, the location of its center of mass (c.m.),
and the orientation of its principal axes. That makes the trajectory of
the space object predictable.

The full model of the rotational and translational motions,
including aspects of orbital mechanics, are incorporated for accurate
estimation. In addition, the state variables are defined so that most of
the parameters appear in the observation matrix rather than the
system dynamics. This leads to a simple discrete-time model
requiring minimum computational burden. Furthermore, taking
advantage of the structure of the model, we derive computationally
efficient expressions for the system state-transition matrix and the
covariance of the process noise; both expressions are necessary for
the KF. Notably, the conventional solution to the state-transition
matrix and discrete-time process noise, which is based on the van
Loan method [18], involves computing the exponential of a large
matrix,! a procedure beyond the computational power of many
spacecraft onboard computers.

The kinematic properties of the unit-norm quaternions, used to
represent the relative orientation of the target satellite, are employed
to derive the associated measurement-noise covariance. The new
model allows additive quaternion noise while preserving the unit-
norm property of the quaternion. Next, an adaptive variant of the
extended KF is used to estimate both the states and the covariance
matrix of the measurement noise. This allows autonomous tuning of
the filter as the noise characteristics of the vision system change.
Finally, simulation and experiential results are reported that
demonstrate the convergence property of the adaptive KF. These
results are followed by other experimental results demonstrating the

$When the inertial parameters are to be estimated as well, the van Loan
method requires computing the exponential function of an 18 x 18 and a
12 x 12 matrix.
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performance of the filter in pose estimation when the vision system is
occluded.

II. State Equations

Figure 1 illustrates the chaser and the target satellites as rigid
bodies moving in nearby orbits. Coordinate frames {.A} and {3} are
attached to the chaser and the target, respectively. The origin of { B} is
located at the target c.m. and that of {4} is at position p, from the
c.m. of the chaser. The axes of {3} are oriented to be parallel to the
principal axes of the target satellite, and {.A} is orientated so that its x
axis is parallel to a line connecting the Earth’s center to the chaser
c.m. and pointing outward, and its y axis lies on the orbital plane (see
Fig. 1). Coordinate frame {C} is fixed to the target at its point of
reference located at p, from the origin of {B}. It is the pose of {C} that
is measured by the laser camera. We further assume that the target
satellite tumbles with angular velocity @. Also notice that the
coordinate frame {.A} is not inertial; rather, it moves with the chaser
satellite. In the following, vectors p, and w are expressed in {3}, and
vector p, is expressed in {A}.

Here, we choose to express the target orientation in the body-
attached frames coincident with its principal axes (i.e., {3}), and the
translational motion variables are expressed in the body-attached
frame of the chaser (i.e., {{A}). The advantages of such a mixed
coordinate selection are twofold: First, the inertia matrix becomes
diagonal and will be independent of the target orientation, thus
resulting in a simple attitude model. Second, choosing to express the
relative translational motion dynamics in {A} leads to decoupled
translational and rotational dynamics that greatly contribute to the
simplification of the mathematical model; note that because {1} is a
rotating frame, the translational acceleration seen from this frame
depends on both the relative angular velocity and relative
acceleration. In the following, subscripts r and ¢ denote quantities
associated with the rotational and translational dynamics of the
system, respectively.

The orientation of {B} with respect to { A} is represented by the
unit quaternion ¢ = [¢7 g, ]", where subscripts v and 0 denote the
vector and scalar parts of the quaternion, respectively. By definition,
q, = esin ‘g and g, = cos %, where ¢ is the rotation angle, and e is the
unit vector along the axis of rotation.

Next, we review some basic definitions and properties of
quaternions used in the rest of the paper. Consider quaternions g, ¢,,
and ¢; and their corresponding rotation matrices R, R,, and R;,
respectively. Operators @ and ® are defined as

[a®]é|:_|—av-| taol3 av]

“oo ()
[a@]é[f“v1 +aols “v] with aé[a”}
—a, a, ay

Chaser Satellite

Fig. 1 Body diagram of chaser and target satellites moving in
neighboring orbits (POR denotes the point of reference).

where [a,] is the cross-product matrix of a, (i.e., for all b € R3,
where [a,|b = a, x b). Then

4:=¢, ¢, =q, ®q, 2)

corresponds to product R; = R R,. This simple composition rule is
one major reason for choosing quaternions for orientation
representation.

The conjugate quaternion ¢* (¢, = ¢q, and q; = —¢q,) of q is
defined such that

" ®q=q®q" =[0 0 0 1]

Moreover, both ® and ® operations have associative properties;
hence, ¢, ® ¢, ® g3 and q; ® g, ® g5 are unambiguous.

In the rest of this paper, the underlined form of any vector a € R3
denotes the representation of that vector in R, (e.g., a” 2 [aT 0])).
Representing the orientation of the target satellite with respect to the
chaser satellite with quaternion ¢, we can express the relation
between the time derivative of ¢ and the relative angular velocity
@y AS

q = %Qrel ® q (3)

where w,; = w — w,, and w,, is the angular velocity of the chaser
satellite expressed in frame {8}. Moreover, it is assumed that the
attitude-control system of the chaser satellite makes it rotate with
the angular velocity of the reference orbit. Furthermore, denoting the
angular velocity of the reference orbit expressed in {A} with

n=[0 0 n] )

one can relate » and , using the following quaternion
transformation [19]:

®,=q0nrn®q" ©)

Substituting Eq. (§) into Eq. (3) and using the properties of the
quaternion products, we arrive at

(=0Rq—3q®n) ®(q"Vq) =3 ®—n®)q (6)

The quaternion associated with the rotation from the nominal
orientation ¢ to the actual orientation ¢ can be obtained from
Eq. (2) as

dg=q®q" 7

Adopting a technique similar to that used by other authors [20,21],
one can then linearize the time derivative of the preceding equation
about the estimated states g and @, as shown in Appendix A, to obtain

4

d
—d8qg, ~0 8
7 2:%90 3

1
6q, ~ —® X 4q, +58w,

The right-hand-side equation can be ignored because §¢,, is not an
independent variable and it has only variations of the second order
[20]. It is interesting to note that the angular velocity of the chaser
satellite does not affect the preceding linearized equation.

Denoting the principal moments of inertia of the target satellite
with I, I,,, and I, we define the inertia ratios:

xx° Tyys peal

_I.vy -1 _
p,\‘ - I ) py _—

2z

According to Euler’s equation, the dynamics of the rotational
motion of the target satellite can be expressed in terms of the new
parameters as

® =9(@) + J(pe: ©

where
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pxwywz 1 19p. 0
v =|poo |. Jp=|0 7. O
P00, 0 0 llf—g

(see Appendix B for details). Linearizing Eq. (9) about @ and p
yields

%Sw — M(&, p)so + N(@)Sp + J(p)e, (10)

where p" =[p. py, p.].

v 0 po. po,
M (va) =5 .= pyw7 0 pywx
W | po, po 0
‘ QY
o w,w, 0 0
Nw)=-—= 0 ww, 0
Ip 0 0 W, W,

Letvectorx! =[q7 T pT]describe the part of the system states
pertaining to rotational motion. Setting Eqgs. (8) and (10) in the state-
space form, we obtain

d _|—(‘_)—| %13 03><3 03><3
Eaxr = 03><3 M((‘_)9I_’) N((‘_)) (er + J(ﬁ) €, (12)
03><3 03><3 03><3 03><3

In addition to the inertia of the target satellite, the location of its
c.m. and the orientation of the principal axes p, are uncertain.
Denoting the additional unknown parameters pertaining to the
position and orientation of {C} with vector 87 =[p! p7], we have

0 = 05, 13)

The evolution of the relative position of the two satellites can be
described by the Euler-Hill model in orbital mechanics. Let the
chaser move on a circular orbit with radius R,, thus the carrier has an
angular rate n. Further, assume that vector r denotes
the relative position of the c.m. of the two satellites expressed in
frame {.A}. The translational motion of the target can then be
expressed as

.. . r,+r )
F=-2nxr—nx(nxr)+ —mm—{—n r.|+e

(14)

where (, is the gravitational parameter of the Earth, and r, =
[R, 0 0] is a constant position vector expressed in frame {.A}
that connects the Earth’s center to the chaser c.m.. Note that the
constant position vector can be computed from the angular rate of the

circular orbit by
T
r, = [ \/Z 0 o] (15)

Denoting the states of the translational motion with x!=
[rT  FT], the linearized translational dynamics about r = 05, is
given by

d _ 03><3 13 03><3
a‘s""[lf(n) TN N A
with
32 0 0
Km=|0 0 0
0 0 —n?

which are known as the Euler—Hill equations [22] or the Clohessy—
Wiltshire equations [23].

III. Discrete Model
A. State-Transition Matrix

To take the composition rules of quaternions into account, the state
vector to be estimated by the KF is defined as

T T

X 2[6q7 o p’ T T opl sl eR?  (17)

where 87, defined as
e @ (18)

is the deviation of quaternion » from its nominal value 7, defined
analogous to Eq. (7). From the linearized continuous-time
systems (12), (13), and (16), we can then derive the
linearized discrete-time system representing the state vector

Xx as
X1 = Puxe + € (19)

where ®, = ®(#;; T,) is the state-transition matrix of the entire
system, Ty = ;| — 1, is the sampling time, and €, is the equivalent
discrete-time process noise. Because dynamics models pertaining to
systems (12), (13), and (16), are decoupled from each other, the state-
transition matrix takes a block diagonal form:

& = diag(®,, ®,, 1)

where ®, and ®, are the state-transition matrices associated with the
rotational and translational systems, respectively. The closed-form
relation of @, and ®, are derived subsequently.

1. Rotational Motion

Assuming 0 <t < T, we can write the state-transition matrix
®,, pertaining to Eq. (12), as

e, () () @, 0)

@ r(t) = 03><3 (I>r22 ([) q)rgg (t)
03><3 03><3 13
where
- i r__ 1-— r__
@, () =e ol =1, - 20 15,1 4 2T T 5 02
[ W
(20a)
1< A
@0 =52 rudpl60 M (20b)
1],
3
@, ()= yhjl (e = OM'N (20c)
i.j
- 3 .
@, (1) = MOV =Yy, b M (20d)
ij
1< .
® (0 =5 vybul®] " MT'N (20¢)
i.j.k

In the preceding, y;; can be constructed from the eigenvalues as
described in Appendix C, scalar functions ¢} ;(#) and

op(t) = A‘l ¢2,j(‘t)dt

are given in explicit form in Appendix D, and @, = ||@,]|.
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2. Translational Motion

The 6 x 6 state-transition matrix for the translational system (16) can be derived as

4—3cosnt 0 0 Lsinns 2(1 — cosnr) 0
6(sinnt —nt) 1 0 4(cosnt—1) *sinnt—3t 0
_ 0 0 cosnt 0 isin nt ;<
e, = 3nsinnt 0 0 cos nt 2sinnt 0 ’ O0=<1=Tx @D
6n(cosnt—1) 0 0 —2sinnt 4cosnt—3 0
0 0 —nsinnt 0 cos nt

Apparently, the elements of matrix @, are trigonometric functions of
dimensionless variable a £ nt, which can be treated as the rotation
angle of the chaser at time #. Thus, writing the Taylor expansion of
Eq. (21) about a = 0 (for 0 < ¢ < T, ), we obtain

| @0
®,(1)= [03; @, (t)] + O(a?) (22)
where
t nt* 0
@, H=({0 ¢ 0], ¢, (1) =1;-2[n]t

Because the angular velocity of the reference orbitis a small variable,
we can say that for 0 <t < Ty, nt K 1.9 Thus, we can dramatically
simplify the expression of the state-transition matrix (21)
by eliminating the second- and higher-order terms of nt in
Eq. (22). Thatis, ®, can be effectively approximated by the first term
on the right-hand side (RHS) of Eq. (22).

3. Parameters

Let 6, be the discrete-time form of the c.m. parameters, which are
to be estimated by the KF. Because 6, is a constant vector, it seems
quite natural to describe the dynamics associated with the parameters
by 0, = 0,. However, it is known that if the vector @ of unknown
parameters is considered to be deterministic, then it cannot be
identified via an extended Kalman filter [24]. This occurs because the
filter becomes overconfident in the model in the absence of process
noise, and it consequently does not incorporate the measurements in
the estimation process. As such, # must be treated as a random
constant vector as

01 =0, +¢€ (23)

where €, is a fictitious zero-mean Gaussian white-noise sequence
with @y, = E[egkegk]. Typically, we can select @, = 0715, whereby
0y is treated as one of the tuning parameters of the filter.

B. Covariance Matrix of Process Noise

In our model, the effects of flexible appendages such as solar
panels, the gravity gradient, and the fuel sloshing are not considered
because, in practice, it is usually sufficient to model them as process
noise in the KF [8]. Presumably, the continuous process noise is with
covariances

b T = E[erez] = 0313
and
T ;= Elesef] = 071,

Let Q, = diag(@Q,,. Q,,, Qg,) be the covariance matrix of the entire
process noise, which will be used in the KF. Covariance Q,, can be
calculated from

fTypically, n = 0.0012 rad/s and 0 < ¢ < 20 s. Thus, nt < 0.024 < 1.

i1
0. ~teell= [ 8,06, 618 00 @

k
Ik

with GT, = [03,3 J(py) 03], thus resulting in
Q;f‘” Qrklz 03><3

Q = Qrklz Qrkzz 03><3
03><3 03><3 ka

where
5 Tyl X T
Q’kn =0z q)’lz'lkq)rlzdt’
Ik

et Tt
Q’klz :O—g/.k l <I>Vlz‘]%q)zzzdt’ QrkZZ = O-%/k I q)fzz']%q’fzzd[
1 s
(25)

0, = 0§ 1, is the covariance matrix of the fictitious noise associated
with parameter p, and o, can be treated as another tuning parameter
of the filter [similar to Eq. (23)].

Analogous to Eq. (24), the discrete-time covariance matrix
associated with the force disturbance can be calculated from the
state-transition matrix (21) and from G} =[0s,; 1;]. Neglecting
the third-order terms and higher of a, we arrive at

Q W= E[ etk ez]: ] — U%[Q{]Isll Ql‘ku :| + 0(03)
Tr12 53]
where
173 4227 Yn— )T 0
Q. = i(n —n?)T% %Ti — %nZTSA 0
1
0 0 §TZ — %HZTZ
%Ti +nT} 1 —%nZTZ 0
Q’klz = i(n - nz)TZ ETi _§n2T4A 17 01 274
0 0 iTA - E}’l TA
Ty+n*Ty 0O 0
Qrk22 = O TA O
0 0 T, lnT}

C. Observation Matrix

The vision system (namely, the LCS) measures both the
orientation of {C} and the position vector r,. of its origin in the LCS
frame. That is,

r.
measured pose = [ ‘]
"

where
LEN®q (26)

represents the orientation of {C} with regard to {.A}. Apparently, we
have
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r.=r+p.+R(@Qp, 27

where every vector except p, is expressed in {A}, and R(q) is
obtained from

R(q) = (25 — D15 +2q,[q,1 + 24,4} (28)

As seen from Egs. (26) and (27), the sensor outputs are nonlinear
functions of the quaternions ¢ and », which are not among the system
states; rather, the state vector contains the quaternion variations ¢,
and én,, instead. Therefore, to implement the state estimator, we need
to write the observation vector z; in terms of the noisy position
measurements of the camera, F,,, and the orientation fi; as

= h(r - é _i:ck _sz? _ 2
Tk (rck»’l/k) [Vec(ﬂt ® ’Lk ® q;:) ( 9)
which will be used in the innovation step of the Kalman filter [see
Eq. (46b)]. On the other hand, using relations (7), (18), (26), and (27)
in Eq. (29), we can rewrite the preceding equation as a function of
states x; as

2 =h(xi) + i (30)

where

_ | re+ R@p,
b (xo) = [vgc(énk é{qu)]

with o =[], <L) AT =[] AL) and of =[o], ©}]
where v;, and v, are additive measurement-noise processes. Note
that the discrete-time observation vector (30) is now a nonlinear
function of the states. To linearize the observation vector, one also
needs to derive the sensitivity of the nonlinear observation vector
with respect to the system states. Because ¢ = 6q ® ¢, we will have

hy, =r.+ R(@q ® q)p, (31)
thus resulting in
oh,, _ _
o, R(3q; ® q:) = R(q,)R(8q,) (32)
Iy

On the other hand, it can readily be seen from Eq. (28) that for a small
rotation 8q (i.e., ||8q,|| < 1 and §g, & 1), we have

R (5q) ~ 15 + 2[éq, |
Hence, Eq. (31) can be approximated as
by, ~r+ R(q); +2[8q, D,

in which we have used the identity R(q; ® ¢,) = R(q,)R(q,)-
Thus, in view of the identity [a]b = —[b]a, we can readily obtain

9 L = —2R(q 14 33
BY n (qk) |— tk] ( )
Moreover, from EqS (2) and (30), we have

h,, = vec(8n, ® 8q,) = vec(8q; ® dny) (34)

which is a bilinear function of the state variables. Therefore, the
following partial derivatives are derived from Eq. (34) as

oh,, -
384; - [San + 5n0k13 - SqﬂAlsnl’kéq{;« (35)
oh
887]2k = |—8qvk-| + 8q0k 13 - Sn;kl(sq”k(sngk (36)
vk

Neglecting the second-order term 83, 847, , in view of Egs. (32), (33),
(35), and (36), we can write the sensitivity matrix as

H

_ —ZR(ék)[pzk] 056 13 055 R(qy) 05,5
=80, 1+, 15 03,6 05,5 033 055 [dg,1+389,15

where &y, is assumed to be sufficiently small so that én, can
unambiguously be obtained as 1, = (1 — |87, ||*)"/?. Therefore,
the linearized measurement equation is obtained as

2 =Hpxi + i

D. Propagation of Measurement Noise

The KF requires knowledge of the covariance matrix of the
measurement noise. The challenge in modeling the quaternion error
in the form of additive noise is that the unit-norm property of the
quaternion must be preserved. That imposes a constraint on the
additive noise, thus leading to a state-dependent covariance matrix,
as seen in Sec. IIL.D.1. On the other hand, if the vision system gives
the target orientation in form of the Euler angles, which are then
transformed into quaternion representation, Euler-angle errors are
propagated to the corresponding observation error through a
transformation matrix derived in Sec. [IL.D.2.

1. Noise Characteristic Pertaining to Quaternion Normalization

When an additive quaternion noise process €, is added to the
quaternion measurement, the quaternion has to be normalized.
Denoting the normalized quaternion with €, we have
B+ e,

T @37
i +e,ll

m=p(p,e,)=

~p+ (1 —pphe, (38)
where approximation Eq. (38) is derived by expanding Taylor’s
series for Eq. (37) about €,, = 0,4, ;. Thus, we will have

2= vec(ﬁ* ® ’l(u’ 6“) ® é*) ~ hZ + VCC(ﬁ* ® él’» ® q*)
—vee(ii* ® (AA"€,) ® §) (39)

Using the properties of quaternion kinematics and that [by definition,
Eq. (26)] p = 3 ® ¢, we obtain

_ - _ 0
* T * 3x1
1" a'e,)®q —[ﬁreu]

The preceding identity implies that the last term on the RHS of
Eq. (39) is zero. Therefore, it is the second term on the RHS of
Eq. (39) that accounts for the attitude measurement noise; that is,

Vo = Tmeﬂk
where
T, 2 0 i ® @
One can then relate the covariance matrices through

S 2 E[vv]] = diag(Z,, T, 2, Th) (40)

M ™ Mk

2. Noise Characteristic Pertaining to Euler-Angle-to-Quaternion
Transformation

Only three elements of the quaternion are independent. Thus, it
appears appropriate to use a three-variable representation of
orientation to model the source of the orientation noise. From the
many possibilities, we choose the pitch-roll-yaw representation
with regard to the LCS frame and represent the angles by

o' Ela Byl
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Because quaternion p is a nonlinear function of the independent
variable ¢ [i.e., p = p(¢@)], any error in the Euler angles propagates
nonlinearly to the corresponding quaternion. However, by
linearizing p (@), we obtain

. _ 3
ﬂ=u(¢+e<p)%u(¢)+(a—”) €, (41)
Y.

4

which allows the linear propagation of the independent white noise
€, to the quaternion. To obtain the Jacobian in Eq. (41), we note that
the angular velocity @, associated with the orientation p is related to
the time derivative of the corresponding Euler angles through

©,=Co (42)
where

—sin f 0 1
ct cosfBsiny cosy O
cosfcosy —siny O

On the other hand, from gt =1 p ® @, and 0p /0 = 0ji /0@, one

can arrive at
ap 1 C

which can be substituted in Eq. (41) to get
.- N . Ce
K +e)~n@) + ke [ 0"’]

In view of Eq. (2) and that & = 7 ® g, we can find the propagation of
Euler-angle error €, to the corresponding observation error v,, in a
development similar to Eq. (37); that is,

1 B} . _
vy =;vec| ¥ ® Ce, ®M®9 | ®q"
2 01><3

1 —% n Ce(ﬂ
= EVGC([" ®][’7®]|:0|><3 ])

It is known that any quaternion a satisfies the following useful
identity [21]:

aslars)=| @ %]

which can be used to simplify the noise expression as

v 2 = T‘/)ké(ﬂk

where
T, 2 1R (5,)C

The covariance matrix of the observation noise can then be obtained
in the same way as Eq. (40).

IV. Filter Design
Let us compose the continuous-time states of the system as

‘x=I[g" o p" 1T T pl T eR¥  (43)

It should be noted that the difference between “ x and x, as defined in
Eqgs. (17) and (43), is that the former contains the full quaternions g
and n and the latter includes the vector parts of their variations, éq,

and 675,. Combining Egs. (6), (9), (14), and (13) and p = 0, we then
obtain the state-space model of the system as

“A=fCx.€© (44)

where € = €] é/{]T. The quaternion variations can be obtained
from the quaternions if the nominal value of the quaternions (i.e., g,
and 7,) is given [see Eqgs. (7) and (18)]. Because 5, is constant, its
nominal value is selected as i, = #,_;: namely, its last estimated
value. The computation of g, is slightly more complicated due to the

time-varying nominal angular velocity @,_;, = @;_,. Defining the
nominal trajectory of ¢ as one governed by Eq. (6), with the initial
condition g,_, = g,_,, we can compute g, from

q,= e%TA@"‘®7£®]ék71 (d45)

where @;_, is considered to be constant. The preceding matrix
exponential can, in general, be obtained as explained in Appendix C.
If n is much smaller than @,_;, however, the matrix exponential in
the preceding equation can be approximated as

. wi T, . o T
e%mﬁk—l@]z(cos kzl 2 4 sin kzl A)14

_ W Ty cos(m_1Ta/2) — 4sin(w@y_ Ta/2)
2wy,

(@1 ®]

The EKF-based observer for the associated noisy discrete
system (19) is given in two steps:
Estimate correction:

K,=P;HI(H.P_HT + 5" (46a)

L. R R
Xe=Xi + Kz —h(X7) — ‘X (46b)
P, =, — KH)P; (46¢)

Estimate propagation:

N R Tht1
T =+ [ Ox0.00 “72)
I
P, =®P®] + 0, (47b)

Right after the innovation step (46b), the estimated quaternions g
and 5, are computed from the estimated variations (namely, §g, and
81,) as

. A 84, - .
4:=64: R qi = [(1 _ ”5[; ||2)%i| ® eD@®u®lg, | (48a)
Ve
~ A _ Sﬁx)k N
Ni= 5771< ®n = (1 _ ”(Sﬁ “2)% @ Ny (48b)
Vg

In summary, the state update at the innovation stage of the KF
[namely, Eq. (46b)], may proceed through the following steps:

1) Vectors z; and h;(X}) are obtained from Egs. (29) and (30),
respectively, based on the latest state estimate and pose
measurement.

2) The reduced state vector x, is updated using Eq. (46b).

3) The quaternion estimates ¢, and 7, are calculated from their
estimated variations 8¢,, and 87, using Eq. (48).

A. Noise-Adaptive Filter

In anoise-adaptive Kalman filter, the issue is that in addition to the
states, the covariance matrix S; of the measurement noise v, has to
be estimated. Starting with a batch-processing approach [25-27], we
develop a recursive one to estimate the covariance matrix.
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To that end, let us define
A A A A
e, =z, — H X  Hi(Xi — Xi) + v

which, in fact, is a zero-mean white-noise sequence. Taking the

covariances of both sides of the preceding equation yields
W.2Ele, e|=HPH +5,

Therefore, an estimate of S, can be obtained from

S.=W,— H.P H!

where

»|~

k
Z , with & =e —¢ (49)

where

is the statistical sample mean. It can be shown that the batch
processing (49) is equivalent to this recursive formulation:

k—1._ k—

- 1
€r="7 e +——(ex—e_y) (50a)

k

W=t 41
ST =ty
Clearly, the dynamlcs equation (30b) preserves the posmve

definiteness of Wk if it is appropriately initialized. Thereafter, Wk s
required for Eq. (46a), remains well defined for all .

¢l (50b)

B. Predictor

Having estimated the full states and the parameters at a given point
in time, one can integrate the dynamics model “x = f(“},0) to
predict the ensuing motion of the target satellite from that point on
[9]. Despite ignoring the effects of the force and the torque
perturbations € in the dynamics equation, the trajectories can still be
obtained within a reasonable accuracy from the estimates of the states
and the system parameters. The reason is that the perturbations are
small in magnitude.

The range data from the LCS along with the CAD model of the
target satellite are used by a modified version of the iterative closest
point (ICP) algorithm [28,29] to estimate the target pose. The ICP
basically is a search algorithm that tries to find the best possible
match between the 3-D data of the LCS and a model within the
neighborhood of the previous pose [9]. In other words, the LCS
sequentially estimates the current pose based on the previous one,
which makes the estimation process fragile. This is because if the ICP
does not converge for a particular pose, in the next estimation step,
the initial guess of the pose may be too far from its actual value. If the
initial pose happens to be outside the convergence region of the ICP
process, from that point on, the pose tracking is most likely lost for
good. The predictor can be made more robust by placing the ICP and
the adaptive predictor in a closed-loop configuration, whereby the
initial guess for the ICP is provided by the predictor. Then the pose-
tracking process becomes inherently robust because, even if the ICP
does not converge, the predictor can still provide a reliable initial
guess for the forthcoming ICP steps.

V. Simulation

The convergence properties of the adaptive KF were investigated
through simulations. For our simulations, a Canadian microsatellite
called QuickSat was selected as the target satellite, which has the
following principal moments of inertia: I, =4 kg-m?,
I,, =8 kg- m?, and I, = 5 kg - m?. The LCS observes the position
of a point of reference located at

=[02 0.1 0.05] m

and the attitude of a frame for which the orientation with regard to the
target principal axes is described by quaternion

n =[0.12 005 —0.15 098]

The target and the chaser satellites traverse in circular orbits at the
rate n = 0.0012 rad/s. The vision system is affected by measure-
ment-noise processes with covariances X, =3 x 10713 m? and
X, =5x 10731,, which are typical representations of the noise
characteristics of an active vision system [29,30]. Note that in our
simulation, the noise parameters are not known by the estimator;
rather, our estimator begins with initial values that are far away from
the true covariances (i.e., with considerable errors of 100%).
The covariances of the process noise representing the orbital force/
torque perturbations are set to X,=2x107°1; m*/s* and
¥, =2.5x 107315 rad?/s*.

The trajectories of the measured, the estimated, and the actual
poses are depicted in Figs. 2 and 3, which display the trajectories of
the estimated as well as the actual angular velocities. As seen, after
some period of time, the estimated values converge to the actual
values. The angular and translational velocity estimates, however,
are not as accurate as the pose estimates, because the filter does not
receive any direct velocity measurements. The measured and the
estimated pose errors are shown in Fig. 4, which illustrates how the

0 20 40 60 80 100 120 ' 40 160 180
Time (s)
Fig. 2 Estimated (solid), measured (dotted), and actual (dashed) poses.

0 20 40 60 80 100 120 140 160 180
Time (s)

Fig. 3 Estimated (solid) and actual (dashed) translational and angular
velocities.
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Fig. 4 Comparison between the position and orientation errors
without (dot) and with (cross) Kalman filtering.

filter reduces the measurement error. Here, the errors are simply
measured as follows.
Position error:

”":c bl ”
Orientation error:
2sin”"[vec(n ® %) ||

where 7, and fi are the estimated distance and the quaternion,
respectively. Finally, Figs. 5 and 6 illustrate the time history of the
estimated parameters as well as the diagonal elements of the
estimated covariance matrices of the noise processes associated with
the pose measurement. The results clearly show that the parameter
estimates very well converge to the actual values despite starting with
large initial errors.

0 20 40 60 80 100 120 140 160 180

L L L L
0 20 40 60 80 100 120 140 160 180

!
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. . . .

0 20 40 60 80 100 120 140 160 180
Time (s)

Fig. 5 Convergence of the estimated parameters to their true values.

Time (s)
Fig. 6 Convergence of the estimated measurement-noise covariances.

VI. Experiment

Our main objective of experimentation was to demonstrate that the
adaptive KF was real-time implementable. Another objective was to
show that the filter could reliably and accurately provide pose
information when vision data (due to occlusion, for instance) became
unavailable. In such a case, the adaptive filter relies on the model as
well as the past state and parameter estimates to produce the best
possible estimates of the current pose. Therefore, the robotic capture
of a tumbling satellite will become possible even if the vision system
is fully occluded. In this experiment, we also demonstrated that an
accurate long-term prediction of the motion trajectory of the target
satellite was possible. This is critical for any trajectory planning
approach whereby the robot is to intercept the target at a rendezvous
point [10,12,13].

Shown in Fig. 7 is our experimental setup, which included a two-
thirds mockup of QuickSat as the target satellite. The mockup was
moved by a manipulator according to orbital dynamics. For the
spacecraft simulator that drove the manipulator, parameters were

Manipulator

Satellite mockup

Laser camera system (LCS)

Fig. 7 Experimental setup.
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selected as I,, =4 kg-m?, I, =8 kg-m? I, =5kg-m? and
pl'=[-0.15 0 0] m, which represented the dynamics param-
eters of Quicksat. To be able to evaluate the accuracy of the estimated
and the predicted poses, the actual pose was directly computed using
the manipulator kinematics. The LCS was used to obtain the pose
measurements at a rate of 2 Hz. Note that the predictor had no a priori
knowledge of either the inertia properties of the target satellite or the
noise properties of the vision sensor.

In the experiment, the field of view of the LCS was intentionally
occluded at # = 140 s. From that moment on, the predictor relied
solely on the values of the latest estimate of the states and parameters
to predict the future trajectory. Figures 8—10, show the trajectories of
the estimated velocities, parameters, and measurement covariances,
respectively. The true values of the parameters are depicted by dotted
lines in Fig. 9. It is evident from the graphs that the estimator
converged after about 120 s. The trajectories of the predicted and the
actual poses (obtained from the kinematics of the robot) are plotted in
Fig. 11. The results show that the adaptive EKF continued to provide
accurate pose estimates even after the vision system was occluded,
and it consequently failed to provide any pose data past t = 140 s.
This demonstrates the excellent performance of the EKF in providing
reliable estimates of the pose of the target satellite in spite of the
failure of the vision system.

During the experiments, the pose of the target was predicted 20 s
into the future using the adaptive predictor. The prediction results are

F (m/s)

-0.01 - t L L
4 20 40 60 80 100 120 140 160 180

0.1

o (rad/s)

=)

—0.05 L L i L L L L 1 L
0 20 40 60 80 100 120 140 160 180

Time (s)
Fig. 8 Estimated translational and angular velocities.
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0 20 40 60 80 100 120 140 160 180

Time (s)
Fig. 9 Convergence of the estimated parameters to their true values
(dotted lines).
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Fig. 10 Convergence of the estimated covariances of the measurement
noise.
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Fig. 11 Estimated (solid), actual (dashed), and measured (dotted)
poses.

o
13

Quaternion ¢

Time (s)
Fig. 12 Predicted (solid) and actual (dashed) poses.

given in Fig. 12 along with the actual pose, and the associated
prediction error is plotted in Fig. 13. The figures show that after about
60 s of prediction, the predictor output was closely following the
actual motion. Both attitude and position errors in predicted pose
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Fig. 13 Error incurred in the prediction of pose 20 s in advance.

became considerably small after 80 s. However, it appears that the
predictor performed better with position. The reason may be that
the rotational motion of the target was not rich enough, which is to be
expected, because a tumbling satellite will be rotating mostly about
its major principal axis.

VII. Conclusions

A computationally efficient adaptive Kalman filter was developed
that used the noisy measurements provided by a laser-vision system
to estimate and predict the relative position, orientation, and
velocities (both translational and angular) of two free-falling
satellites that move in close orbits near each other. In addition to the
preceding kinematic variables, the adaptive filter produces all inertia
parameters of the target satellite as well as the covariance of the
measurement noise. A simple decoupled dynamics model was
developed by writing the dynamics equations pertaining to the
translational and rotational dynamics in the chaser and the target
body-attached frames, respectively. Another feature of our model
was that the majority of the unknown parameters appeared only in the
observation equations and all the Jacobian matrices required for
linearization were expressed in closed forms. Moreover, the
parameters pertaining to the orientation of the principal axes do not
appear in the dynamics equations; rather, they merely enter in the
observation equations.

The special structure of the linearized model was employed to
derive closed-form expressions for both the state-transition matrix
and the covariance of the process noise. The use of these expressions
led to a computationally efficient discrete-time model suitable for
real-time implementation of the adaptive Kalman filter. The
variations of the quaternions from their nominal values were selected
to be among the states of the system, so that the quaternion estimates
can be consistently corrected in the innovation step of the filter.
Furthermore, the propagation of the quaternion noise to the
measurement noise was modeled using transformation matrices.

Finally, the convergence of the adaptive Kalman filter was
demonstrated by both numerical and experimental results using the
vision data provided by a space-qualified laser-vision system. It was
also demonstrated through experiments that the adaptive filter could
provide accurate pose data even when the vision system was
occluded for tens of seconds.

Appendix A: Linearized Attitude Kinematics
To derive Eqs. (8), we start by differentiating Eq. (7) with respect
to time:
4

dt8q=q®q*+q®ii* (A1)

In the preceding equation, ¢ and tj* have to be written in terms of the
angular velocity and its estimate. The expression for the former is

readily available: namely, Eq. (6). For the latter, however, an
expression can be obtained by noticing that

d _ — > - - y y - > -
SU®0) =49 +4®q =0=9 =4 2484
(A2)
where (] can be obtained in terms of @ using a relation similar to

Eq. (6). Replacing ¢ and é* in Eq. (Al) with their expressions and
using Eq. (2), we obtain

=[50 -non] o
_ 1 _ _ _
—q® {q* ® [E(‘" ® —n®)q] ®q*}

1 . i}
=§[Q®q®q*—q®g®q*

4R R (@RIRT —§RnQ q*)]
1 o1 )
=5(Q®5q—5q®g)=§(g®—g®)8q (A3)

Using Eq. (1), one can see that the vector part of the preceding
quaternion equation results in
© 54, =~ (@] + [@])bg, + 5 @~ )3
dt qy, = 2 ® ® q, 2 ® ®)oq
1 1
=—w X iq, — 580) x 8q, + 58(»&10 (A4)

which, upon linearization, turns into the first of Egs. (8). The second
equation can similarly be derived from the scalar part of Eq. (A3).

Appendix B: Rotational System

Assuming that the spacecraft is acted upon by three independent
disturbance torques about its principal axes, we can write Euler’s
equations as

Lo, = (I, — I,)o,0, + 1, Lyo, = (I, - I,) 0,0, + 1,
Izzd)z = (Ixx - Iyy)wxwy + 7.

Rewriting the preceding equations in terms of perturbation
€, =t /1,7,/1,7./1,]", we obtain

I XX

I

yy

w)( = pr'\"a)Z + E'Ek7 a)y = pzwzwx + 6’[‘\.

. 1
w, = pzwxwy + Ix_xérj

Finally, Eq. (9) can be obtained from the preceding equations by
making use of the following identities:

I.V)' 1+px’ IZZ l_px

Appendix C: Caley—-Hamilton Theorem for Computing
the Exponential Matrix
As a consequence of the Caley—Hamilton theorem, any power of a
3 x 3 matrix M greater than 2 can be obtained from its lower powers.
Moreover, its exponential can be computed from the second-degree
polynomial:

eM = myly + mM + m,M>

The exponential of the eigenvalues of the matrix must satisfy the
same polynomial; that is,

et =my(t) + m(OA; + my(HA? fori=1,2,3 (C1)
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Therefore, if the eigenvalues are distinct, the coefficients of the
polynomial can be found by solving the following linear system:

LA A2 mg et
L A M| m|=] e (C2)
1 Ay A || m e

where A; are the distinct eigenvalues of M that is,
3
my_y (1) = Z vijetit for k=1,2,3
Jj=1

where y;; are the entries of the inverse of the matrix in Eq. (C2). The
characteristic equation

B+ (pyp.w: + pop.w + pp, @)k +2p.p,p.ow,w, =0

can be solved with little effort due to its simple form.

If the eigenvalues are repeated, the rows of the coefficient matrix
will be modified such that the corresponding repeated equations of
Eq. (C1) will be replaced by the partial derivatives of the equation
with respect to the repeated eigenvalue.

Appendix D: Scalar Functions

The scalar functions ¢;(#) in polynomial (20b) are calculated
from

(1) = A7 (e~ 1),

(1) = Wwy + @)~ (wy cos Wyt + A sin wyt — e'my),

() = T A + (Mg + L) (A cos oyt — wid sin wyt
+ wiel)

Similarly, the scalar functions ¢};(#) in Eq. (20¢) are

¢1;(1) = A72(1 — €M) — A5t

¢2;(t) = W @p + M) (wd; sin @yt + A2 cos wyt + wieh!
— A — @),

#5,(1) = @ ?A2 + (Mo + Mw}) " (A sin @y s — @A cos iyt

—mie M — (Wi + Mw)n)
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